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COMBINING RIESZ BASES IN 

GADY KOZMA AND SHAHAF NITZAN 


Abstract. We prove that every finite union of rectangles in admits a Riesz 
basis of exponentials. 


1. INTRODUCTION 

Orthogonal bases are used throughout mathematics and its applications. How¬ 
ever, in many settings such bases are not easy to come by. For example, even 
the union of as few as two disjoint intervals in R may not admit an orthogonal 
basis of exponentials, e(A) := This example should be contrasted 

with the case of a single interval, where the exponential orthogonal basis plays a 
fundamental role. 

Among the systems which may be considered as replacements for orthogonal 
bases, Riesz bases are the best possible: They are the image of orthogonal bases 
under a bounded invertible operator and therefore preserve most of their qualities. 
In particular, if e(A) is a Riesz basis over some set S' C R then every / G L^(S') 
can be decomposed into a series f = ^ in a unique and stable way. 

Our understanding of the existence of Riesz bases of exponentials is still lacking. 
On the one hand, there are relatively few examples in which it is known how to 
construct a Riesz basis of exponentials. For example, in two dimensions, we do not 
know how to construct such a basis for either a ball or a triangle, nor even have a 
reasonable candidate to be such a basis (it is known that neither set supports an 
orthogonal basis of exponentials, [1, 3]). Some constructions of Riesz bases (e.g. 
for polytopes with some arithmetic constraints) can be found in [2] and references 
within. On the other hand, we know of no example of a set S of positive measure 
for which a Riesz basis of exponentials can be shown not to exist. 

In [5] we proved the following. 

Theorem 1. Let S' C R be a hnite union of intervals. Then there exists a set A C R 
such that the family e(A) := {e^”'’^*}AgA is a Riesz basis in L^(S'). Moreover, if 
S' C [0,1] then A may be chosen to satisfy A C Z. 

In this paper we extend this result to higher dimensions in the following way. 

Theorem 2. Let S' C R*^ be a hnite union of rectangles with edges parallel to the 
axes. Then there exists a set S C R'^ such that the family e(S) is a Riesz basis in 
L^(S'). Moreover, if S' C [0,1]'^ then S may be chosen to satisfy S C 
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We take from [5] the following basic principle. Suppose you try to construct a 
Riesz basis by combining Riesz bases of simpler sets. If the most natural candi¬ 
date for a construction of a Riesz basis does not work, try instead a construction 
that involves hrst taking unions and intersections of your simpler sets, and then 
combining their Riesz bases. Take, for example, in the setting of theorem 1, the 
case where S = I U J with I C [0,1/2] and J C [1/2,1]. Then the most natural 
candidate for a Riesz basis might be to take a Riesz basis for I and a Riesz basis 
for J and union them. This does not work, but it turns out that taking Riesz bases 
for / U (J — 1/2) and for / fl (J — 1/2) and taking a union works (under certain 
conditions). Here we need to construct a Riesz basis for a union of products, say 
[J W X ki- The natural candidate is to take Riesz bases Sj for W and for 1/, and 
hope that [J Sj x d/* is a Riesz basis for [J W x 1/. This does not work. The correct 
“union and intersection version” is the following lemma. Denote y>„ = 

Lemma 1. Let W,..., Xl C [0,1]“ be some sets and let Yi ,... ,Yl C [0,1]^ be 
pairwise disjoint sets. Assume Si C • ■ ■ C C satisfy that e(S„) is a Riesz 
basis for X^. Assume further that d/>i D • ■ ■ D '^>l are subsets of such that 
that e(d/>„) is a Riesz basis of Y>n- Dehne 

L 

S := IJ S„ X d'^^. 

71=1 

Then e(S) is a Riesz basis for lJn=i^« ^ k/i. 

To get a feeling for the condition Si C ■ ■ • C S^ (which in particular means 
that the must have increasing sizes for the lemma to have any hope of being 
applicable) one should hrst note that without this condition S might not even have 
the right density to be a Riesz basis (see [6, 7, 9] for Landau’s theorem, explaining 
the role of density). The dehnition of S can be reorganized in two other ways 
which emphasize the issue of density (in particular as a union of disjoint sets). 
The hrst is 

L 

S = IJ X (d'^^ \ d'^^+i) 
n=l 

(where d/>i+i := 0). This version has the mnemonic property of being almost a 
“union of products of Riesz bases” except, of course, we are not requiring from 
d/>j \ d/>j_|_i to be a Riesz basis for Yj. The other version is 

L 

s = lj(s„\s„_i) X (d^>„) 

n=l 

(where Sq := 0). This version will be used in the proof (§3 below). 

More remarks on the relation with [5] will be given after the proof, in §6. 
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2. PRELIMINARIES 

2.1. Systems of vectors in Hilbert spaces. Let H he a separable Hilbert 
space. A system of vectors {fn} ^ H is called a Riesz basis if it is the image, 
under a bounded invertible operator, of an orthonormal basis. This means that 
{fn} is a Riesz basis if and only if it is complete in H and satishes the following 
inequality for all sequences {an} G 

c'^\an\‘^ <\\'^anfnf <C'^\an\‘^, ( 1 ) 

where c and C are some positive constants which depend on the system /„ but not 
on the a„. A system {fn} ^ H which satishes condition (1), but is not necessarily 
complete, is called a Riesz sequence. 

A simple duality argument shows that {fn} is a Riesz basis if and only if it is 
minimal (i.e. no vector from the system lies in the closed span of the rest) and 
satishes the following inequality for every / G TT, 

4fr<J2w,u)\"<c\\fr ( 2 ) 

where c and C are some positive constants (in fact, the same constants as in (1)). 
A system {fn} ^ H which satishes condition (2), but is not necessarily minimal, 
is called a frame. 

In particular, this discussion implies the following: 

Lemma 2. A system of vectors in a Hilbert space is a Riesz basis if and only if it 
is both a Riesz sequence and a frame. 

In this paper we are interested in frames, Riesz sequences and Riesz bases for 
Lf{X) of the form e(S). Often we will be lax and simply say that S is a frame, 
Riesz sequence or Riesz basis for X. An important property of such sets is the 
complementation property: 

Lemma 3. A S C is a frame over an X C [0,1]'^ if and only if Z'^ \ H is a Riesz 
sequence over [0,1]*^ \ X. 

Lemma 3 follows from the following general fact: 

Lemma 4. Let iL be a separable Hilbert space and let {en}nei be an orthonormal 
basis in H. Let L (Z H he a closed subspace of H and let L-^ be its orthogonal 
complement. Denote by P the orthogonal projection to L and by the orthog¬ 
onal projection to L"*-. Then for a subset H C / we have that is a frame 

in L if and only if {P'^en}nei\^ is a Riesz sequence in L-^. 

See Matei and Meyer [8, Proposition 2.1] for a proof. 

3. Proof of the main lemma 

In this section we prove lemma 1 which is the main component of the proof of 
Theorem 1. Recall that we are given sets Xj C and Yj C and corresponding 
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Sj C Z“, C 7 } and we wish to show for S = lJ(Sj \ S^+i) x \l/>j that e(S) 
is a Riesz basis for S' = IjXj x Rj. We will use Lemma 2 and show that e(S) is 
both a frame and a Riesz sequence for L^(S'). 

Throughout the proof we denote by (x,|/) := {xi,... ,Xa,yi, ■■■,yb) a point in 
[0,1]“+^ and by (^, V') := (6, ■ ■ ■ ,^a, V'l, •••, '^b) a point in We denote by 

the function 


Frame. To show that e(S) is a frame in L‘^{S) we need to show that for any 
/ e L\S) 

J2 l{/.e(w)>t>c,||/f 

(the right inequality in the definition of a frame, (2), is satisfied because S C 
[0,1]“+^ and S C For fc G {1,..., L}, denote by fk the restriction of / to 

Xk y. Yj;. It is enough to show that for every n = 1,..., L we have 

n—1 

E K/.<=(w))r>'=4i/«it-EiiAit, (3) 

(5,V>)es k=i 

where C 2 is a positive constant, not depending on /. Indeed, the inequalities in (3) 
imply that for any sequence of positive numbers with ^ (5„ = 1 we have 

E K/.%*))t = E'5» E K/.%*))P 

(S,«€E n=i 

L Ti —1 L L 

> E'^”('=4i/»f -EiiAii') = E - E 

n=l k=l n=l k=n+l 


We get that, if the sequence {5„} satisfies 

2 - ^ 

> — V] 4, VnG L} 

(essentially it needs to decrease exponentially), then for ci = |c2min(5„ 

L 

> ClJ^II/nir = Clll/ir 

(^,P)GE n=l 

as needed. 

Hence we need to show (3). Fix therefore some n G {1,..., L} until the end of 
the proof. Now, for any x,y eC, |x + |/p > \\x\^ — \y\^. So, 


n—1 


l(/) C(?,V’))I — 2 ( 

A;=n fc=l 
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For brevity denote />„ = J2k=nfk- Summing over all (^,'0) in S gives 

1 2 






(*) 1 


K,i/')GS fc=l 
72—1 


> A l(/>n,e(5,v,))p- 5^/fc 


(?,b)GS 


(*+) 1 
“ 2 


fc=i 
n—1 


E K/>».eK.*)>t-EllA 

K,b)eE 


fc=i 


where (*) is because S C and (**) since fk have disjoint supports. Hence, to 
obtain (3) it remains to show that 

l(/>n,e(5,^))P > cll/^ll^ (4) 

(bblGS 

where c is a positive constant not depending on /. 

Fix some G and consider the function of b variables 

Fiy)= [ 

-'[ 0 , 1 ]“ 

and note that it is supported on Y>n- Since is a Riesz basis for this set we 
have 

l(/>n,e( 5 ,V,))r = Y] / f>n{x,y)e^^^^){x,y)dxdy 

^,T, -'[0,1]“ + *’ 




E 

hG'I'>n 


'[ 0 , 1 ]" 


F{y)e^{y) dy 


>c \F{y)\^dy>c \F{y)\‘^dy 


'Yr, 


= c 


'Yr 


fn{x,y)e 


n Y\.n 


x„ 


(5) 


where the last equality follows from the fact that when y &Yn we have f>n{x, y) = 
fn{x,y) and this function, as a function of x, is supported on X^. 

We now sum this over ^ G Recall that x \l/>„ C S and that e(S„) is a 
Riesz basis for We get 


(5) ^ 

C6S„ 




di/ 
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= C 


I E\I 




dy 



>C I I \fn{x,y)r dxdy = c\\fn 

'Yn JXn 


Hence, (4) holds and the system is a frame. 

Riesz sequence. We now show that e(S) is a Riesz sequence in L^(S'), i.e. that 
for any finitely supported sequence 


(C,h)6S 


■t'h'S’) (?,V')GS 


(again, the other inequality in (1) follows from S C [0,1]'^ and S C Z'^). We apply 
a strategy similar to the one we used in the hrst (“frame”) part, but we decompose 
S rather than S. Dehne therefore = (S„ \ S„_i) x 4/>n- With this dehnition a 
similar argument to the one used in the hrst part shows that it is enough to show 
that for every n = 1,..., L we have 


r _ 2 _ ^ 

/ X!/ ^ ~ 

S /«_L1 /'^./A/-V'. 


' 0)1 


( 6 ) 


(«,h)eE «,V’)GS„ 

To this end choose n e {1,..., L}. We have. 


j=n+l 




V') 




dx dy 


a5/It E %,♦)%*)(-/1 t E 


^ i=i (S.V'ies, 


1 /■ I " 
~ 2 \ 


^ i=i (^.V'ies,- 


S j=n+i 


i®(c,h)i 

j=n+l ($,p)eE^ 




where the second inequality is due to S' C [0,1]“+^ and S C Denote for 

brevity 

n 

/ = Is ■ ^ ^ a(^,^)e(^,^) 

i=l (S.tAiGS,' 

and get that to prove (6) it remains to show that 


\f{x,y)\‘^dxdy>c ^ |a(g,v;)0 

(hb)GS„ 

Here is where the fact that and \1'>„ are Riesz bases will enter. 


( 7 ) 
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We first apply that is a Riesz sequence over for all k > n, specifically the 
left inequality in (1), and get, for any y, 


\f{x,y)\‘^dx = 


'Xk 


P n 

i\E E (E“.e 

■^Xk j=i 


ijj)i 


2m{%l),y) A 2m{^,x) 


dx 


By (1) > E IE 0 ( 5 ,^) e' 

i=i pG'i'>j 


2m(il),y) 


dropping terms > c E E 


27ri{il;,y) 


( 8 ) 


Integrating over y and using the fact that \l/>„ is a Riesz basis over Y>n we get 
[\f{x,y)\'^dxdy \f{x,y)\^dxdy 





Since \['>„ is a Riesz basis > c E E 

V’G^>n 

which asserts (7) and completes the proof. 


h) 


■,p)e 

^2m{'4),y) 12 


dy 


dy 


□ 


Remark. The “frame” and “Riesz sequence” parts are in fact independent in the 
following sense. If 5i C • • • C Ej;, and D ■ • • D are only assumed to be 
frames, then E will be a frame; while if they are assumed to be Riesz sequences 
then E will be a Riesz sequence. In the next section we will see that in another 
setting this remark allows to shorten the proof. 


4. Folding 

In this section we prove a version of the main lemma of [5]. That lemma stated 
that if certain “foldings” of a set have Riesz bases, then one may construct a Riesz 
basis for the original set too. The result here, while stated in d-dimensions, is 
essentially one dimensional and we will perform the same transformations per¬ 
formed in [5] on the hrst coordinate only. The details are below. The proof is 
also similar to the proof there, but with a simplihcation suggested by A. Olevskh. 
Throughout this section we will denote either by {t, s) := {t, si,..., s^-i) or by a: a 
point in [0,1]'^; and by (A, d) := (A, di,..., dd_i) or a point in 
Fix a positive integer N. Given a set X C [0,1]“^, dehne 
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Xn —ItE 


«'iv 


X [0,1]'^ ^ (^t + j^,s) e X 


for exactly n values of j G {0,..., iV — 1}| 

N 

X>n = \JXk 


k=n 


(9) 


( 10 ) 


Lemma 5. If there exist Si,..., Sat C iVZ x ^ such that the system e(S„) is a 
Riesz basis in then the system e(S), where 

N 

^ + (n, 0,..., 0)), 

n=l 

is a Riesz basis in L‘^{S). 


Clearly, it is equivalent to prove the lemma under the assumptions that 

N 

EnG{NZ + n)xZ^-^ S=1JS„ (11) 

n=l 

(but still requiring that S„ is a Riesz basis for X>„, recall that the property of 
being a Riesz basis is invariant to translations) which will make the notations a 
little shorter. 

We will show that e(S) is a Riesz basis by showing that it is both a frame and 
a Riesz sequence (recall lemma 2). It turns out that to show that S is a frame it 
is enough that all Ej are frames. Let us state this as a Lemma. 

Lemma 6. If C {NZ + n) x Z'^~^ satisfy that e(S„) is a frame in L^(X>„) for 
all n G {1,..., iV}, then the system e(S) is a frame in L^(X), where S is given by 
( 11 ). 

Furthermore, the same holds if C {NZ — n) x 

Proof. To show that e{E) is a frame in L‘^{X) we need to show that for any 
/ e L\X) 

(the right inequality in the dehnition of a frame, (2), is satished because X C [0,1]'^ 
and S C Z'^). For nG {l,...,iV}, denote by /„ the restriction of / to 

Bn = ^{t, s) E X : (^ + G X for exactly n integer (12) 

(Xn is the “folding” of Bn to [0, x [0,1]'^“^ i.e. cutting to N pieces, translating 
each one to [0,;^] x [0,1]'^“^ and taking a union). For brevity denote f>n = 
'^k=n fk- l=he proof of Lemma 1, it is enough to show, for every n = 1,... ,N, 
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that l(/) ^ X]fc=i ll/fclP- And, again as in the proof of Lemma 

1, this can be reduced further to showing that 

J2w>n,ei)\^>4f„f ( 13 ) 

«6H 


where c is a positive constant not depending on /. The rest of the proof only 
examines one n at a time, so let us £x n now. 

For any (A, 5) G (iVZ + j) x [0,we have 



s)e(x^s){t, s) dt ds 


' E A” (* + + V- '>) <** * 



( 14 ) 


where 


N-l ^ 

hj{t,s) = ■ 5^/>n(t + Qj = e(- ;^)- 

1=0 

Fix j < n. Since e(Sj) is a frame for X>j and since hj is supported on X>n C X>j 
we have 

K/>n,e(A,5))r Y1 \{hjXix,s))\'^ > c\\hj\\‘^ (15) 

where c is the frame constant of In the “furthermore” clause of the lemma 
(where Sj C NZi—j) we dehne qj = e{j/N) instead of e{—j/N) and the calculation 
follows identically. 

Summing over j gives 

n 

j=l 

( 15 ) ” " 

> c^||hj||2>c^||hj-lxjr. (16) 

i=i i=i 

For every particular {t, s) G the values of {hj(t, s)}j are given by applying 
the n X N matrix L = {qj}j,i to the vector {/>n(t + l/N, s)}j. Now, (t, s) G Xn 
so exactly n different values of this vector are non-zero. Considering only these 
values we may think of L as an n x n Vandermonde matrix which is invertible 
because the numbers qj are different. Let C be a bound for the norm of the inverse 
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over all such n x n sub-matrices of L. We get 

n . N-1 , 2 

i=i 1=0 

which we integrate over {t, s) G Xn to get 


n N—1 „ , 

j=l 1=0 

With this we get (13) and therefore that H is a frame. 


dt ds 



□ 


Proof of Lemma 5. We apply Lemma 6 twice. The hrst application is straight¬ 
forward with the same X and and we get that S is a frame. For the second 
application, let Y = [0,1]'^ \X and note that !>„ = [0,1/iV] x [0,1]'^“^ \ X> 7 v+i-n 
(for Yn the correspondence is not as nice as it is for F>„). Since is a Riesz basis 
for X>m in particular a Riesz sequence, by Lemma 4 (iVZ-|-1 — n) x \SAr+i_„ 
is a frame for L>„. We now apply Lemma 6 for Y and the complements of (we 
use the “furthermore” clause to rearrange them in decreasing order) and get that 

N 

(A^Z -|- 1 — n) X if' ^ \ .^Tv+l-n 

n=\ 

is a frame for Y (we used here that a translation of a frame is also a frame, to 
solve -|-1 problems). But this set is exactly \ S and using lemma 4 again we 
get that S is a Riesz sequence for X, and we are done. □ 

We end this section with another lemma from [5]. It is a consequence of claim 
3 and lemma 4 there. 


Lemma 7. Let X C [0,1] be a union of L intervals and X be a positive integer. 
Then, the sets X>„ dehned before Lemma 5 are all unions of at most L intervals 
(when considered cyclically). Moreover, there exist infinitely many N for which all 
these sets are unions of at most L — 1 intervals (again, when considered cyclically). 


Here and below a “cyclic interval” is either an [a,b] C [0,1/X] for a < b or a 
[0, b] U [a, 1/X] for b < a. 


5. Proof of theorem 2 

The proof follows by induction and, as is quite typical for inductive proofs, we 
need to prove a stronger claim in order to make the induction tick. We describe 
it in the following definition 

Definition 1. Let Xi,X 2 ,... C [0,1]'^. A coherent collection of Riesz bases are 
Sj C Z'^ such that e(Sj) is a Riesz basis for Xj and such that Xj C Xj implies 
that Sj C Sj. 

The “stronger claim” above is now 
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Theorem 3. Any collection of sets, each of which is a union of rectangles with 
edges parallel to the axes, has a coherent collection of Riesz bases. 

The proof of the d = 1 case will follow easily from the following lemma 

Lemma 8. Let X C [0,1] be a union of L intervals and hx > 0. Assume that 
m/N < |A| < (m + 1)/A^ where m is a positive integer. Then there exists a S 
with e(S) a Riesz basis in L‘^{X) such that 

+ n)C AC + n). 

Proof. Divide [0,1] into the intervals [n/N, (?t, + 1)/A^] and note that, since m/N < 
|X| < (m + 1)/A^ and X is a union of L intervals, at least m — 2L of the intervals 
[n/N, {n + 1)/A^] belong to X and no more then m + 2L + 1 of them intersect 
X. We wish to apply Lemma 5 with this N, so examine the sets X>„ from the 
statement of the lemma. We get that among the X>„ at least m — 2L are equal 
to [0, 1/N] (so the corresponding En can, and must be taken to be NZ) and no 
more then m + 2L are non-empty (for which the must be taken empty). The 
remaining sets are hnite unions of intervals so we may apply Theorem 1 to hnd 
Riesz bases for them with frequencies from NZ. Applying Lemma 5 the resulting 
basis S has the necessary property. □ 

Proof of Theorem 3. As promised, the case d = 1 follows directly from Lemma 8. 
Indeed, let W be the unions of rectangles (intervals in our case) for which we need 
to find a coherent collection of Riesz bases. Let L be the maximum number of 
intervals in any Xi and take N > AL/ min \Xj \ W|; where the minimum is taken 
over all i and j such that W C Xj. Construct Riesz bases Ei for Lf^X/) using 
Lemma 8 with this N. We get that the Sj are automatically coherent as W C Xj 
implies that, for any k, if Sj n {NZ + k) ^ then necessarily NZ + k C Ej. This 
hnishes the case d = 1. 

We now move to the case d > 1. 

Step 1. First, we prove the induction step in the case where the intersection of 
each Xi with each line parallel to the first coordinate axis is an interval. 

Claim. In this case, it is possible to hnd disjoint sets Yj C [0,1]'^“^ and intervals 
Jjj C [0,1] (possibly empty) such that each Xi can be written as 

x. = \Jii.iyyy 

j 

Further, all Yj can be taken to be hnite unions of rectangles. 

The proof of this claim is simple (take a total rehnement of appropriate projec¬ 
tions of parts of the Xi) and will be omitted. 

Returning to the proof of Theorem 3, we hrst use the case d = 1 already 
established to hnd a coherent collection of Riesz bases Ajj for the intervals [0, \Iij\] 
i.e. for translations of A ^ so that their left side is at 0. Since the property of being 
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a Riesz basis is translation invariant we get that each Aj j is a Riesz basis for R 
In other words, Ajj is a collection of Riesz bases for Aj with the property that if 
fhen Aj j C A.j^' ji. 

Next we apply the indnction assnmption for d—1 and get a coherent collection 
of Riesz bases for all finite unions of the Yj. Denote, for each set of indices J, 
1:7 = u, gj Yj and \1/ j C the Riesz basis over Yj. 

For each i let a be the rearrangement of fij by length, i.e. a is a permutation 
such that I/j,( 7 ( 1 ) I < |-^i,<T( 2 )| < • • • and define 

j 

By Lemma 1 Sj is a Riesz basis for Xj. To see coherency, let i and i' satisfy 
that Xi C Xj/ and let a and a' be the corresponding permutations. To shorten 
notations denote the different pieces of S and S' by Aj and A'- respectively i.e. 

Aj .= X T{CT(j),o-(j+l),... } •= X filler'(j),(T'(j+1),... }• 

We need to show that S* C S*/, and this will follow once we show that for every 
j there exists k such that Aj C Fix therefore j and examine the j shortest 
intervals for X*/ i.e. cr'(l),..., u'{j)- They cannot be all in the set (j(l),..., a{j — l) 
so let k be the first which is not in it i.e. 

k = inf {l<j: a’{l) ^ ..., a(j - 1)}}. 

The claim now follows easily. We first note that 

{*) (**) 

I ^ ^ 1-^2,(j(j) I 

where (*) is because Xj C Xj/ and (**) is because a'^k) is not in {cr(l),..., a{j — 
1)}. Hence the coherency of the A’s gives that Aii^fj'{k) D Ai^cr{j)- On the other 
hand, {cr'(l),..., a'{k — 1)} C {cr(l),..., a{j — 1)} and taking complements gives 

{a'{k), a\k + 1),... } D {a(j), a{j + 1),...} 

and the coherency of the T’s gives that ^{<x'(fc),< 7 '(fc+i),...} D ^{< 70 ),< 7 (i+i),...}- To¬ 
gether we get Aj C A'^, as required. 

Step 2. As in step 1, we find disjoint sets Yj C [0,1]'^ ^ and S'jj C [0,1] (which 
are no longer necessarily intervals, but are finite unions of intervals) such that 

X = U Sij X Y,. 
j 

Let Mj j be the number of components of Sij. We argue by induction on the 
vector {Mij}, with the case that all Mjj are either 0 or 1 given by step 1. 

Let therefore io and jo satisfy that > 2. Recall the notation X>„ from §4, 

which was defined with respect to some N which does not appear in the notation. 
When we apply it to sets which already have a subscript, like Sij, we will write 
By Lemma 7 we can find some N such that the sets contain no 


13 


COMBINING RIESZ BASES IN 

more than — 1 intervals, for all n. Since the operation ■>„ examines only 

the hrst coordinate, and because the Yj are disjoint, we have 

^i,>n ^ 

3 

Again by Lemma 7, Sij^>n has no more than Mj^ components, for all i and j. 
Therefore we may apply our induction hypothesis to Xj >„ (formally after stretch¬ 
ing the hrst coordinate by N) and get a coherent collection of Riesz bases Sj „ in 
NZ X Z^~^. Dehne 

N 

+ (n, 0, . . . , 0). 

n=l 

and get from Lemma 5 that e(Sj) is a Riesz basis for LF‘[Xi). Since Xi C Xj 
implies that C Xj^>n, we get that the Sj are coherent, hnishing step 2 and 

the proof of the theorem. □ 


6. Remarks on the proof 

The main ingredient in the proof of theorem 1 from [5] was the one-dimensional 
case of lemma 5. Examining its proof it is natural to wonder whether it could 
have been generalized directly to prove the d-dimensional result by folding in all 
dimensions simultaneously. As far as we can see, this is not possible. The proof of 
lemma 5 relies on the fact that for any choice of n columns in the N x N Fourier 
matrix the hrst n rows will give, universally, an n x n invertible matrix, as it is 
a Vandermonde matrix. This is not the case for the analog of the Fourier matrix 
in higher dimensions, no such “universal” choice of rows exists, as can be checked 
directly for the 4x4 matrix of the Fourier transform the group (Z/2)^. 

Acknowledgements. We thank A. Olevskh for showing us how to deduce the 
Riesz sequence part from the frame part in the proof of Lemma 5. Work partly 
supported by the Israel Science Foundation and the Jesselson Foundation. 

References 

[1] Bent Fuglede, Commuting self-adjoint partial differential operators and a group theo¬ 
retic problem, J. Fund. Anal. 16:1 (1974), 101-121. sciencedirect. com/00221236 

[2] Sigrid Grepstad and Nir Lev, Multi-tiling and Riesz bases. Adv. Math. 252 (2014), 1-6. 
Available at: sciencedirect. com/S0001870813003940, arXiv: 1212.4679 

[3] Alex losevich, Nets Katz and Terence Tao, The Fuglede spectral conjecture holds for 
convex planar domains. Math. Res. Lett. 10:5 (2003), 559-569. intlpress/00019975 

[4] Alex losevich and Mihalis N. Kolountzakis, Periodicity of the spectrum in dimension 
one. Analysis and PDF 6:4 (2013), 819-827. Available at: msp.org, arXiv: 1108.5689 

[5] Gady Kozma and Shahaf Nitzan, Combining Riesz bases. Invent. Math. 199:1 (2015), 
267-285. Available at: springer. com/s00222-014-0522-3, arXiv: 1210.6383 

[6] Henry J. Landau, Necessary density conditions for sampling and interpolation of cer¬ 
tain entire functions. Acta Math. 117 (1967) 37-52. springerlink.com/22hlhl514x 

[7] _, Sampling, data transmission, and the Nyquist rate. Proc. IEEE 55:10 (1967), 

1701—1706. Available at: ieee. org/PROC. 1967.5962 



14 


GADY KOZMA AND SHAHAF NITZAN 


[8] Basarab Matei and Yves Meyer, A variant of compressed sensing. Rev. Mat. Iberoamer- 
icana 25:2 (2009), 669-692. Available at: ems-ph.org/issn=0213-223 

[9] Shahaf Nitzan and Alexander Olevskii, Revisiting Landau’s density theorems for 
Paley-Wiener spaces. C. R. Acad. Sci. Paris 350:9-10 (2012), 509-512. Available at: 
sciencedirect.com/S1631073X12001392 

Gady Kozma 
gady.kozmaOweizmann.ac.il 
The Weizmann Institute of Science, Rehovot, Israel 

Shahaf Nitzan 
shahaf.n.hOgmail.com 
Kent State University, Kent, OH, USA 


